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SUPERSYMMETRY, TWISTORS,
AND THE YANG-MILLS EQUATIONS

MICHAEL EASTWOOD

ABSTRACT. This article investigates a supersymmetric proof due to Witten
of the twistor description of general Yang-Mills fields due to Green, Isenberg,
and Yasskin. In particular, some rigor is added and the rather complicated
calculations are given in detail.

0. Introduction. In a remarkable paper Witten [24] indicated that there is
a close connection between the classical Yang-Mills equations and a certain sys-
tem of supersymmetric equations arising from Penrose’s twistor theory [16, 17]
as modified by Ferber [7]. In particular, he uses this connection to give a rather
natural proof of the theorem of Green, Isenberg, and Yasskin [9] concerning the
twistor description of the full Yang-Mills equations. For alternative approaches to
this theorem see Manin [14], Pool [19], or Buchdahl [2].

This article has two objectives. The first is to provide, in reasonable detail,
the rather involved calculations omitted from [24]. These calculations are highly
complicated in spite of the apparently simple conclusions. The seemingly miracu-
lous cancelations which occur are reminiscent of similar cancelations found in the
renormalization of supersymmetric field theories.

The second objective is to impart a little more rigor to the arguments. Although
written for mathematicians, this article proceeds in an informal manner during
§§1-5 where the notation is established and the main theorem is stated (in §5).
This is entirely reasonable and standard practice in physics, and the hardened
mathematician is requested to suspend disbelief until §6 where precision is restored.
In order not to interrupt the flow of argument, the detailed calculations alluded to
earlier are reserved for an appendix (§7).

1. Superspace. Roughly speaking, a supermanifold consists of an underlying
smooth manifold Q) together with some anticommuting variablesy® fora =1,...,n.
In general there is no special relation between n and the dimension of (). More
precisely, these local anticommuting variables are allowed to change over @ in order
to define a vector bundle. For the moment all such subtleties are suspended until
§6. Locally, a superfunction (i.e. a “function” on a supermanifold) can be expanded
as a power series in the anticommuting variables:

F(z,y) = f(@) + 4% fal@) + -+ 4"V’ -y fapy(2) + -
Here, the Einstein summation convention has been used and the resulting coeffi-
cients are skew in their indices—i.e., fog..y = flap...4] (brackets are used to denote
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antisymmetrization, and parentheses symmetrization), and it follows that this ex-
pansion is finite, automatically truncating at order n. There is a parallel construc-
tion in the holomorphic category.

Superspace is an example of a holomorphic supermanifold where the underlying
manifold is complexified Minkowski space M with coordinates z¢ = 44" (see [16,
18] for this notation). M|y, superspace of order N, is that supermanifold formed
by adjoining 4N anticommuting variables 034 and 647 for 7=1,...,N. The indices
A and A’ are genuine spinor indices (see [18] for a full discussion of spinors using
this notation).

One can do calculus on supermanifolds provided care is taken with ordering
derivatives. Standard results and constructions from classical calculus on manifolds
such as the Leibnitz rule, the Frobenius integrability theorem, and the de Rham
sequence generalize to the category of supermanifolds. Of particular interest are
the following differential operators on M|y;:

0

. I ~ 0
B%:wﬁ-gAJDAA/ and 6A1j=m+6;‘DAA'

where D, = 9/9z®. They satisfy the following (anti)commutation relations:
(0%, Do) = 0= [0arj, Dy}, (8%,05) =0=(8arj,émk), (0%, 0ak) =26{Dan,

where [, ]| denotes a commutator and (, ) an anticommutator. Along with the
usual [Dg, Dp] = 0 these relations define a superalgebra often taken as the motivation
for introducing superspace [20].

2. Superambitwistors. Twistor space T is a 4-dimensional complex vec-
tor space with coordinates traditionally denoted Z® = (w4, ma+) (for further ex-
planation of this notation see [16]). Coordinates for the dual shall be denoted

Wo = (64 ,n4). Ambitwistor space (see [3]) A is defined to be
A={(Z,W) € PT xPT* s.t. Z®W, = 0}.

Here PT means projective twistor space. The usual twistor correspondence [16,
22, 23] with Minkowski space has a counterpart for ambitwistors defined by the
incidence relations

A AA’ §A’ — _pAA

wh =z Ta, NA-.

For each z € M these relations define a quadric @, in A, whereas each point of A
represents a null geodesic or light ray in M. This is the basic correspondence used
by Green, Isenberg, and Yasskin [9)].

Superambitwistor space of order N as introduced by Witten [24] involves adjoin-
ing 2N extra anticommuting variables. It has homogeneous coordinates

(2% Wy, ¢d,9,] forj=1,...,N

s.t.
(Z% W, ¢ )] = [/\Za,uWa,/\gj,pd)j] for nonzero A and pu

and
ZW, = 2¢71h;.
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There is a correspondence with superspace M[x] defined by the relations
wh = (@4 = 0004 N, €N = (= = 0162 ),

Each point (z,0,9~) € M still represents a quadric Q(z,e,é) in A(n}, but now each
point of Ay defines a superlight ray in M|y, a supermanifold with one ordinary
dimension but 2N additional anticommuting variables. As Witten points out, it is
these extra dimensions which give rise to interesting equations, since integrability
of a connection along a superlight ray is no longer a trivial condition for N > 0.

3. Thickambitwistors. As a submanifold of PT x PT*, A may be thickened
out to its Nth formal neighborhood (see (2, 8]). Precisely, A(yy is defined to be A
but with an enlarged sheaf of holomorphic functions

Ony = Opr xpr-/IN !

where I is the ideal sheaf of A inside PT x PT*. More informally, however, thick-
ambitwistors A(y) may be regarded as formed by adjoining an extra commut-
ing variable whose (N + 1)st power vanishes. It has homogeneous coordinates
[Z%, Wy, x] s.t.

(2%, Wa,X] = [AZ%, uWa, Aux), Z°Wa=x, and xVt'=0.
The theorem of [9] may now be stated:

THEOREM (GREEN, ISENBERG, AND YASSKIN). For U an open subset of
M, let Qu(n) denote the corresponding region of A(ny swept out by Q; forz € U.
Suppose every light ray in U 1s simply connected (and, in particular, connected).
Then there is a 1-1 correspondence between solutions of the holomorphic Yang-
Mills equations on U and holomorphic vector bundles on Qu sy trivial on each Q.
forzeU. O

Since ¢’ and 4, are anticommuting variables, it follows that (¢7¢;)V*! = 0.
Therefore there is a map A(nx] — A(n) defined by x = 2¢7 ;. Indeed there is the
commutative diagram

A C A[l] C A[z]

| 1 1
A C A(l) C A(g)

This link suggests introducing thickspace M(x) by adjoining 0* = 0;‘5“"1 . There is
then a correspondence between A(ny and M(y) defined by the incidence relations

] ' ’ ’ ’ ’
wA — (SL‘AA _ UAA )TI'A', EA — (—IAA _ O'AA )nAa X = _20,AA NAT A

The anticommuting nature of the variables 034 and 64" implies certain constraints

on the variables 0®. For example, in case N = 1, although ¢® and ¢® commute,
one has

0%0b = 1eABeA B (6°0%cpecipr).
In other words, although one would expect, in the spinor decomposition of o%a?,
a term of the form aABA'B" = (AB)(A'B’) this part has been set to zero. For
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N =1 all higher powers of 0* vanish. For N > 1 there are similar but more
complicated constraints (see §7 for details). Thus, although My is an unreduced
analytic space in the classical sense, it is not simply a formal neighborhood of M
as the diagonal in M x M. As for A, there is a commutative diagram

M C M[l] C M[Q]

| l |
M C M(l) C M(g)

One can introduce differential operators 6, and Sa on M(ny by 6, = Dq + E, and
6a = Do — E, where E, = 0/d0® (for calculus on an analytic space see (2]). Then,
if a thickfunction is regarded via 0% = 63“6"'1 as a special case of a superfunction,

& =0%9840 and Oy =006aa.

4. The Ward correspondence. Ward’s interpretation [21] of self-dual gauge
fields via twistors was extended by Green, Isenberg, and Yasskin [9] to arbitrary
gauge fields in terms of ambitwistors and by Witten [24] to superfields using super-
ambitwistors. A common feature of these correspondences is that the argument for
the Abelian case (e.g. Ward’s “nonlinear photon” construction) goes through with
essentially no change for the general case. All that is involved is the interpretation
of potential/gauge (see e.g. [17]) as a connection, and so on. However, in order not
to become involved in defining all the relevant concepts in the category of super-
manifolds, it is easier to stick to the potential/gauge description and the Abelian
case. This also allows one to use the Sparling-Ward “splitting method” [17] for the
correspondence (which may be regarded, for the Abelian gauge group, as a special
case of the Penrose transform [4, 5]). At only one point in §5 is there any need for
provisos concerning the generalization. Such provisos will be clearly stated, but all
remaining arguments in this article will be given for the Abelian case only (i.e., for
connections on a trivial line bundle).

To minimize notation, an open subset of M will also be denoted by M and
will always be assumed to satisfy mild topological restrictions—namely, that each
light ray be simply connected. The corresponding subset of A swept out by @, for
z € M will be denoted by A too. Discussion of the Penrose-Ward transform will be
confined to describing the direction from A to M. Proving that this results in an
isomorphism is accomplished along now standard lines [4, 5] and will be omitted.

To introduce the results for N > 0, first recall [17, 4, 5] the Penrose-Ward
transform of H'(A,O). To effect this by the Sparling-Ward splitting method,
regard a cohomology class by means of a Cech cocycle F,5(Z, W) with respect to
some suitable cover. Using the ambitwistor incidence relations form

faﬂ(za us 77) = FOLB(IAA’ﬂ:Q’a TA, _xAAInA’nA)-

Since H(Q,,0) = 0 for each z € M, the class fos is cohomologous to zero and
therefore splits as fog = fo(z, 7, 1) — fa(z,7,n). Now the form of f, implies that

OFag  OFus
A —Na GEA' ) = 03

At Daas fap = ntnt <TFA'
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50 nATA D fo is globally defined in 7 and 7. It is also homogeneous of degree
(1,1) and therefore must be a polynomial
nA14 Daarfo = n7? ® g4 (2).

This defines the potential ®, on M, whereas a different choice of splitting provides
the gauge freedom ®, — ®, + D,g. This standard argument generalizes easily to
deal with H'(A[n}, 0). The superambitwistor correspondence gives

faﬂ(za 0) é) 7Ta77)
— aﬂ(( AA’ _O.AA')

which satisfies the differential equations
N4 fap =0, 7 0u;fap =0, 1?7 Dan fop=0.

Thus, after splitting, there are “potentials” \Ilf;l(z, 0, 5), U4 5(z,0, 5), and ®,(z, 6, 5)
given by

AA AN GAj A
Tan,Tan (=27 — 0% )na,na, 0% 74,07 n4).

77,4(91’1 L= WA\I"L, WAléA’]'fa — FA’\i’A’j) nAFA,DAA'fa _ WA"AIQAA:
and defined up to gauge freedom \IIJ' — \IIA + ng, \iIA,]- — \iIA,J- + (§A,]~g, and
&, — ®, + D,g for any superfunctlon g(a: 9,0). These potentials are not ar-
bitrary, however. Since nB3%W, = nAnBa%d., fs and (8%,8%) = 0, it fol-
lows that 8&‘112)) = 0. There is a similar equation on ' Arj, and finally, since
(aj;é,,,k) = 26,fDa, one obtains 81;@ Ak + 5A/k\ll£ = 26,{(I>a. With standard argu-
ments alluded to earlier this proves the following

THEOREM (WITTEN). H'(An}, O) is isomorphic to the space of “potentials”
Wy, Warj, and ®, on M|y) satisfying

a{AW%)+3’qu’]§) =0, 5j(A"i/B’)k+5k(A"i’B’)j =0, ail\i’A/k-{-éA/k\IlA = 25,{(1),,
and defined up to gauge frredom of \Ilf; — \Il + BAg, \IIA/J- — \ilA:j + 5A:jg, and
&, — ®, + Dyg for an arbitrary superfunction g=g(z,0,6). O

If fo 3 is actually a thickambitwistor function rather than just a superambitwistor
function—i.e., it represents an element of H*(A(n), O)—then the resulting poten-
tails satisfy further restrictions. To identity these restrictions recall (§3) that, for

thickfunctions, 334 = 0’“6,4,4: S0 OAJnAéAA/f g=1 6Afag = 0. It is not the
case, however, that 764 4+ fo3 necessarily vanishes. For example, if N = 1 and

Fop(Z,W,x) =w wBKAB/LA B'romg
for constant spinors K4ap = K(4p) and LA'B = [(A'B") ), then
fag = (:E - O’)U’(I - O')bKABﬂ'A/ﬂ'B'/LA/BIWA:WB/
= (z°2% — QUsz)KABTI‘A/WB//LAIB,TI'A/?TB/,

SO
n46aar fap = n*(22° - 20° — 26°)Kapmamp /LA P mamp

~n! ’ ’
= —2T]A93KABHB ﬂ'Alﬂ'BI/L‘A B TA'TRB.
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Nevertheless it is the case that 84 n4644: fop = 0 since 6468 is skew in A’, B/,
whereas 74/ mp: is symmetric. This example brings to light an earlier subtlety which
was skimmed over, namely that it is not completely obvious that 8% fog = 0 for
fap created from a superambitwistor function F,,3. Nevertheless it is elementary to
check that this is indeed the case by expanding f,s as a power series. This difficulty
also illustrates why it is necessary to introduce superambitwistors. It might at first
be thought that a naive approach using the thickcorrespondence might interpret
H'(A(n),0) on M(n), but such a method would require n“48aas fop to vanish. In
spite of this problem we can still conclude:

LEMMA. Starting with a cohomology class in H'(A(n),0) the corresponding
Witten potential ‘Ilf;1 may be chosen to have the form \Ili‘ = AT 44 for Ly =
Yo(z,0).

PROOF. Consider 4644’ fop as a power series expanded in the variables o:

n48aa fap = par(z,m,n) + opars(z,m,n) + 00 Parbe(z, m,m) + - --
As remarked earlier, these variables enjoy certain symmetries forced by the anti-
commuting nature of 0;‘ and 647, For example, this series necessarily terminates.
More precisely, if each coefficient is decomposed into irreducible spinor parts (see
[18]), then many of these parts do not contribute (because they conflict with the
symmetries of the variables 6®). If N = 1 for example, then one may take

pPAr = Dpas,

Pa'b =€a'B'qB +Ta'B'B Where rqy g = T(A’B")B>

PA'bc = SA’€EBCEB'C’,
and all other coefficients zero. The case N = 2 is worked out in detail in §7, but for
this proof the details are unimportant. Contracting with #4'J now has the effect

(by Schur’s lemma) of preserving some of these irreducible parts while eliminating
others. Again to take the case N = 1:

éA'nAéAA,faﬂ = éAIpA/(z,w,n) + éAIO’b€A/B/B(:I:,7T,T]).

Hence, the vanishing of §4'n4644- fop means precisely that these surviving coef-
ficients must vanish. Thus one can apply the Sparling-Ward splitting method to
these coefficients in order to define the corresponding parts of a o power series
expansion of ¥,. Note that

nA04IE 400 = nA0% f = nAT,

because ¥ only appears in conjunction with 4’7, and it is exactly the coefficients
for 4'7% 44+ which have been determined by the splitting method. Thus W, =
64T 440 as required. O

Similarly, ¥ Ar; may be taken to have the form HAE Aa'(z,0). The equations
of Witten’s theorem may be phrased in terms of ¥, and ¥, with restricted gauge
freedom £, — g + 8,9 and &, — L4 + 6,9 for any thickfunction g(z,s). However,
one can specialize a little further by insisting that 0%, = o a%,. This can always
be arranged by a change of gauge:

Ua(za - ia) = Ua(za - z~:a) +20%E,g,
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and 0%E, is a kind of Euler operator in o, whereas 0%(X, — ia) as a power series in
o has no zeroth order term. This choice of gauge was introduced independently by
Harnad, Hurtubise, Légaré, and Shnider [11] as “transversal gauge”. They use it to
investigate Witten’s constraint equations but do not consider the descent to A(y).
This gauge fixing implies that further gauge freedom is confined to using g which
are independent of o—i.e., ordinary holomorphic functions. These observations
may be summarized as follows.

THEOREM. H'(A(n), O) is isomorphic to the space of “potentials’ £o(z,0) and
Yo(z,0), whose power series expansions in 0;‘ and 04" contain no irreducible com-
ponents annihilated in forming 04IS 44 and 0;‘2 A4, respectively, and which sat-
18fy

éC’jéleech' {6241;23)14/} = 0,

9]»001?801){564,231)14} = 0,
OEéB’j{éABrf)gA' - SBA/EAB/} = 25£9a for some O,4(z,0),
%Y, = aai)a
modulo the gauge freedom of £, — g + bag and $q — o + Sag for an arbitrary
function g = g(z). O
Notice that 6, is gauge invariant, as are the terms in the power series expansions
of &, and ¥, above order zero. In some sense ¥ and ¥ may be thought of as self-dual

and anti-self-dual parts, but note that it is not necessarily the case that 6&2 B)A’s
for example, vanishes.

5. The Yang-Mills equations. One can now attempt systematically to find
the general solution of the equations in the previous theorem. This is a rather
tedious task carried out in §7 but the results are remarkably simple:

THEOREM. The general solution of the equations of the previous theorem are
as follows. Only ¥, and X, need be given since O, is determined by one of the
equations.

N=1:

Yo = ¢ +0%ap(paB + heas),

Sa = ¢a +0%an(parp +hean),
where ¢q(z) and h(z) are arbitrary,

pPAB = —%D?A¢B)Au parp = %D?AI¢B')A,
and ¢, 1s determined up to the gauge freedom ¢q — ¢g + Dag.

N=2:
Lo = ¢a + 0*{paBeap +qapean}
+0%0°{rapccean + SccreaBea B +tanepcepc}
+obobo{uapecpeanecp '},
S = o +0{Papean +dapean}
+0%0°{FarpicrceaB + SccrEABEAE + tanEBCcEB T}

+ 000 {iapeciDeaBECD ),
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where ¢q(z) s arbitrary,

_ _1pa ~ _1pA

PAB = _iD(A(bB)A" pA'B = §D(A/¢B')A7
qa'B = 3pa'pr, GgaB = 3pas,
rapca = —3DaaPBco)y, TaBcora= 1Daabpc,

=47, where Jaar = D pap (= —DE parp),

= __Jaa

oA . _ _1pA

uas = gD ars uap = —§D0aIpyas

and ¢4 1s determined up to gauge freedom ¢g — ¢q + Dog.
N >3:

Z:a = ¢a + Gb{_Fb;. + 3Fl:_1} + Ubac {%D(ch;a + gD(CF:)-a} +

n

e e
20%° ... o°

Y
= ¢o + o*{F; - 3F,} + o%° { 3D Fl, + gD(CFb;a} +

{(-1)"D(-+ D Fy,+(2n+1)D(---D F;)ra} o

n

r—’\—'\
Lia D,,---D,F, n 1)D
+W{ (e b)a‘l"( D*(2n+1)D( - D Fy b+
where F,, = —%D(AQSB)C,EA:B/, Fab = D(A,¢>B,)CaAB, and D[anc] =0 (or

equivalently, D[aF_c] =0). In the notation from the case N =2, F,;, = papca'p’,
f b = ParB€ap and J, = 0. In case N > 3 ®, is restricted by the equation

Jo = 0 (equivalently, O¢p, = 2D DB, ¢y for O = DPDy) but is otherwise free and
determined up to gauge freedom ¢, — ¢q + Dog. O

For this theorem and its corollary below there are complications for the non-

Abelian case. For N = 1,2, and 3 the obvious generalization holds for the non-
Abelian case, but to extend a vector bundle from A(3) to A(4) there are genuine
obstructions (see [14]) which show up on M. Although the supersymmetric method
will prove this, the explicit computations rapidly get out of hand.

COROLLARY. Including the case N =0 for completeness, H*(A(n), O) has the
following interpretation on M. Letting G denote the space of holomorphic poten-
tials/gauge on M, H*(A,0) = G. There is an ezact sequence

0 — {heapeap} — HI(A(l), 0)—-G—0.
HI(A(2), O) >~ @G
For N > 3, H'(A(n), 0) = holomorphic source-free Mazwell fields on M i.e. for
which the current J vanishes. 0O

There are alternative methods of proving some of these statements using similar
supersymmetric means. For example, one can prove H'(A(2),0) = G as follows.
From the exact sequence of sheaves on A,

0— Ow(-1,-1) = Ozy = 0 — 0,
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it follows that H'(A(s, 0) = H'(A, 0) = Gif and only if H!(A(yy, 0(—1,-1)) = 0.
To show this consider the exact sequence

0— O(_27_2) - O(l)(_lv_l) - O(_lv_]-) - 0.

By the Penrose transform [5] H'(A,0(-2,-2)) = 0, so H*(A(;),0(-1,-1)) —
H'(A,O(—1,-1)) is injective. This map factors through H*(Ap;;, 0(—1,-1)) so it
suffices to show that H'(A[y), O(—1,—1)) = 0. If Fop(Z, W, ¢, %) is a representative
cocycle then, forming f,g from the superambitwistor incidence relations,

N40afas =0, 784 fap=0, 1274 Danfap=0

and splitting fos = fo — f5 gives 404 fa, TrAlgAzfa, and 7474 D g4 fo globally
defined as in an earlier argument. However, in this case 7484 f, is homogeneous
of degree (—1,0) so necessarily vanishes. Similarly, 7484/ fo = 0 and, although
nAmA D g fo is homogeneous of degree zero, it vanishes too because

AT Danr fo = 1204 640 fo) + 74 da (B afa)-

These supersymmetric methods apply to calculations with other homogeneities
also. For example H'(A(3),0(—1,0)) is isomorphic to solutions of the neutrino
equation on M (as observed by Henkin and Manin [12]).

6. Formalities and rigor. Delaying for the moment the formal definition of
a global supermanifold, the local calculus on a holomorphic supermanifold is as
follows. Let z be a local variable in C™. A superfunction is a finite formal sum

n

e e,
F(z,y) = f(z) = y*falz) + -+ y*¥? ¥’ fap..s(2)

where the indices take values in 1,2,...,n and the coefficients are skew in these
indices. In other words, F' is a section of A" (0™). “Calculus” in the anticommuting
variables is an entirely algebraic procedure. It is analogous with the calculus of
formal power series (in commuting variables) and, indeed, the results are of the
form of algebraic identities which all have counterparts in the commuting variables
case obtained by interchange of symmetrization with antisymmetrization (reflection
of Young tableau). In this sense it is possible, as observed by Roger Penrose, to
regard supersymmetric calculus as negative dimensional ordinary tensor calculus
[15]. As an example, consider the de Rham sequence in the category of formal
power series:
F(.’E) = f+zafa+zazbfab+”‘
for a =1,2,...,m. The coefficients are symmetric in the indices. A p-form

Uz) =Qq..c (x)dz®* A+ - A d2x€
(&) = g (2)da -

for (2,...c = Ufq...c) may also be expanded as a power series
Qa-~c(fc) = Wg...c + Idwa-ucd + Idzewamcde + e

Each coefficient in this expansion is skew-symmetric in the first p indices and sym-
metric in the remainder. The kth order term in such an expansion therefore has
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symmetries (using Young Tableau (see e.g. [18, 25])).

k k+1 k
~— —— e
 [TT1 _ 11 & (111
P PiL] Pl
]
The entire de Rham sequence therefore takes the form
2
¢ > _O_O > _Q_l Q >
[ I [ '
¢ — ¢ o H
® / ® / ®
o m 8 H e @
® / ® - ®
M oeH?  goe @]
© 7 ¢ 7 8
1J (rroe EFD B:ED o4
® ® ®

from which exactness (i.e. the Poincaré lemma) is clear. The de Rham sequence in
anticommuting variables has p-forms

~~

9

for 1.y = Qq...4) and, by definition, each coefficient is a formal series

ooy (Y) = ooy + y‘swa...qg + y‘syawa,.,qge +---.

Each coefficient in this expansion is symmetric in the first p indices and skew in
the remainder. The kth order term in such an expansion therefore has symmetries

[III:D&@k - k+l{—(m@k{j 10
O




SUPERSYMMETRY, TWISTORS, AND YANG-MILLS EQUATIONS 625

The entire de Rham sequence therefore takes the form
1 2

¢—a° a o

U I n \l

c—¢C

/Bm F:m
/@ @EF
/EE o

e MM e [0 o O

and again exactness is clear. The full de Rham sequence on a supermanifold is
locally the tensor product of the ordinary de Rham sequence for the underlying
manifold with the above construction for the anticommuting variables. There are
similar comments for results such as the Frobenius integrability theorem.
Following Kostant [13], a supermanifold in the holomorphic category consists
of an underlying classical holomorphic manifold @ together with a sheaf of Z,-
graded C algebras O, called the sheaf of germs of superfunctions. Locally O,

is required to be of the form A'(0O™) graded according to odd and even degree.
On) is also required to be augmented over O; i.e., there is a C homomorphism

Oy — 0. Locally this augmentation is taking the degree zero part of A'(O™).
This definition compares well with the precise idea of formal thickening given in the
context of thickambitwistors in §3. Thickening A is also achieved by augmenting
the underlying classical sheaf. For both supersymmetric extensions and formal
thickenings there is an interesting difference between the holomorphic and smooth
categories. For the case of supermanifolds, Batchelor [1] has shown that in the
smooth category the sheaf of superfunctions is always isomorphic to the sheaf of
sections of A\’ E for some smooth vector bundle E. In other words, the structure
of a supermanifold contains no more information than that of an additional vector
bundle. In the holomorphic case, however, there are nontrivial supermanifolds
with structure over and above the underlying vector bundle. As pointed out by
Green [10], this further information is contained in various holomorphic cohomology
groups. The corresponding analysis for formal thickenings is carried out in [6]. Both
A(ny and A[y) are nontrivial in this sense. They may be constructed as follows.

On PT x PT* the canonical section x = Z*W,, of O(1,1) defines A as its zero
set and so allows one to identity I = O(—1,—1) where I is the ideal sheaf of A.
Thus, the definition of A(x) given in §3 may be rewritten as an exact sequence on
PT x PT",

N+1

O(-N-1,-N-1)*> 0 — O —0,
noting that Q) is supported on A.
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To define Ajp) one can adopt an analogous procedure. First define Py as
P together with the structure sheaf A\” O;(—1). Thus, Py is the trivial super-
manifold with underlying vector bundle 0;(—1). This should better be written as
V ®c O(-1) for V an N-dimensional complex vector space since a particular basis
for V is unnecessary. In other words, the index j is an abstract indez [18]. Up
to isomorphism, there is no choice for this superstructure on P since the relevant
cohomology groups describing the freedom in choosing a superstructure based on
A 0;(—1) may be computed (by using the Bott-Borel-Weil theorem as explained
for example in [5]) and turn out to be zero. Similarly, Py, is defined to be P* with

structure sheaf A" 07(—1) = A\"(V* ®c O(—1)). The supermanifold P,y X Py is

P x P* with structure sheaf § = A'(0;(—1) & 0*(—1)). A superfunction on Py
may be written as a formal expansion

F(Z,5) = [(Z2) + " [;(Z2) + < <F fin(2) + -
where
gk
With a similar convention for Py Z°*W,, — 2¢74); is a canonically defined section

of §(1,1) = 0(1,1)®¢ S. This allows one to define Opy) supported on A by means
of the exact sequence

S(—l, _1) ZaWa_—;zs'Jde S — O{N] = 0.

This is tantamount to decreeing that Z*W, = 2¢7¢; in Ojnj. It is easy to show
that A[n) comes equipped with a mapping Anx] — A(n) or, equivalently, a homo-
morphism of augmented rings O(n)y — O(nj-

More generally, a mapping between supermanifolds is defined to be a holomor-
phic mapping of the underlying classical manifolds together with a homomorphism
of structure sheaves as described for general ringed spaces for example in (2, 8]. It
is in this sense that the incidence relations of §3 should be interpreted—i.e., as a
correspondence (cf. [3, 4, 5])

G

/ \
A[n] My

augmenting the classical correspondence between ambitwistor space and Minkowski
space (3, 5].

It remains to make sense of M|y) and G|n). This section closes with a definition
of M(y), leaving G|y} and other details to the reader. All these definitions follow
the same theme. I would like to thank Toby Bailey for his critical appraisal of these
constructions.

On M x M adopt the temporary convention that 04+ denotes the primed spin
bundle on the first factor whereas 04 should denote the unprimed spin bundle with
respect to the second factor. Thus, 04 and 04 as vector bundles have fibres K
and (T/L)* over a point (K,L) € Gra(T) x Gra(T) = M x M (see [4]). Equip
M x M with a superstructure sheaf

$= /\.(OA’]‘ ®03}) = /\'(V 04 ®V*®04).
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Thus A
S=00[0a;®04®[0u® -]

and ‘
§°=0®0§=0"® (05,005 |®[0¢ - ]®---

Consider the bundle 0% on M x M. Over (K, L) it has fiber
K*® (T/L) = Hom(K,T/L)

and hence has a canonical section given by the composition K — T — T/L.
Denote this section by z* and observe that it defines the diagonal {K = L} inside
M x M. This diagonal is canonically isomorphic to M. The superstructure on M is
obtained by slightly modifying this defining function. Let 0¢ denote the section of
S¢ given by the Kronecker delta 6@ € Of as in the above expansion of §¢. Formally,
0% = 0A' 0;‘. Define O;] on M by the exact sequence

8 ¥ 5 = O — 0.

Notice that O|y) is not Z-graded since it is defined by a Z;-homogeneous but not
Z-homogeneous ideal.

7. Appendix. It is the purpose of this appendix to prove the theorem of §5 in
detail. This is a good example of spinor calculations in anticommuting variables.

Case N = 1. Since ¥, must contain no terms annihilated by forming 64 S 4 a0
it follows that it must have the form

Yo =¢a +0%ap fap.

Further decomposing fap into its symmetric and skew parts, applying similar rea-
soning for ¥, and insisting that 62X, = 6%%, means that

Sa = da +0°c ' (paB + hean),
Sa = ¢a + 0%eap(Parp + hean),
and we are left with the equations
and
66;23»41 = Dé‘;QSB)A’ + EA’AIPAB + UCEA’C’(D?APB)C + D?/;haB)C)
= D4y ar +2paB + 0°(Doi(aPpyc + D{shep)o)
= 007 ecrp {6848 gy 4} = 0907 ecrp (D4 by ar + 24B)-
Thus, pag = —%Dé;q&B)A, and similarly pa g = %DfA,(ﬁB,)A.
Case N = 2. Here and more generally it is perhaps not quite so obvious what
symmetries are imposed on the coefficients of an expansion in o by virtue of the

anticommuting nature of 0;‘ and 647, These symmetries may be expressed in terms
of Young tableau [25].
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For example
IrI(s ® s*) =(Oms @ oms') $(E}35® H:s')@(@sav as').

For spinors, S and S’ are 2-dimensional so the last term vanishes. If N = 2 and we
decompose Xbeq in 0°0¢0%xpcq according to this formula then only the term in

B:]S ] B]S'

O(BOfO,?) = 0. Therefore the term in oo°c?, for example, in the

survives because 6,
expansion of X,
b _c d
Yo=40"0°"xabed +-

has symmetries and hence spinor decomposition of the form

')Ces®s'®(B]S®E]S')= (B]jS@ BIxs')e(E}:ms&ES')
® (Esaajjs')e(EBsa E{S')'

However, in forming 64"S 4 o some of the representations are annihilated so, finally,

the term in 0®0°0® may be taken to have the form

Yo = +0%0°c  uspecpeapecip + vEaBECDEABIEC DI} + -

where uap(z) is symmetric in the indices A and B. Similar reasoning applied to
other terms and to &, and insisting that %%, = = 0%, means that £, and %, take
the form

b
= ¢q + 0%Gap + 0°0{raBcciean + scor€aBEa B + tanEBCEBIC)
b
+ 000 {uapecpea pecip + vEABECDEA BIEC' D'},
= ¢q + 0°Gap + 0%0°{Farprcrceap + ScccaBEa B +taneBcER Cr}

+0%0°0{lia pecpiEaBEcD + vEABECDEA BECTD' },

where G qp) = é(ab) and s + tq = 84 + Lg.
It remains to impose the differential equations

60967 ke p (6148 p 4} = 0 = 090Pecn {84 Spry 4},

0553'7{6AB/iBA/ — SBA'EAB’} = 25,{@@ for some @a(:l:, 0’).
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To study these equations it is necessary to prove the following purely algebraic
lemmata (which assume N = 2).

LEMMA 1. écljéD'ksC:Dz{x(z,o)} =0 of and only +f x s of the form
X = 0P0%pq + higher order terms
where ePReF'Q apy = 0 (or, equivalently, apq = a(pQ)(Prq))-
PROOF. First consider §€76P ke, pioP:
éC'léD’lEC/D/(eféP’l + 050~P’2) — §C’1§0’1€C,D,05§P'2,
so already the term in o in the expansion of x must vanish. Next consider
6C' 1P ke, pioPo:
6C 1P e i (OFGF1 + 05 0P2)(0969'1 4 0969'2)
= 1109765105 0Rs) (07 263, 170"V
0C 1P 20 pi (0P 0P + 0567'2) (9969 + 6969'%)
= GO e BP 502 + 5015 e 67257 20207
= L1gR'16L,(65°20%,)(e%' P ecipreP Q0703 + €€V ecip P P 9C0E)
= ;1078516563167 657 Y — 667" <)
L[ 657202, [6R0nale O
Similarly, €260 e proPo? and 62622 p1oPo9 are proportional to ePReF' Q'
Hence eP2eP'? q,, = 0, but otherwise there are no conditions on ape. All higher

order terms 6 110 ’kEC/DIO'pUqO'T etc., vanish so the higher order terms of are
) ) g X
unrestricted. 0O

LEMMA 2. In terms of an expansion in o
Xb(x,o') =aop + a"abp + Updqabpq + o'paqo'rabpqr 4
0B6B'i {xy(z,0)} = 2610 for some O(z,0) if and only if ap = 0, eBPay, = 0,
eB'P oy, = 0, and ePReP'Q 2appq — appg) = 0.
PROOF. Consider 0,?53'101’ for j=1,2and k = 1,2:
P08 = 00320707 + 0507
= 1(62601]eBPGB267'1 4 1(69'26%,)e5 P 9B 6%,
05353’101) - 9;1)353’1(0ng’1 n 02P§P/2)
= 1GQ1GL,)eB P 0B 0F + 1[0902)eBP 651672,
G{BéB’la.p — elBéB'l(of'gP'l + gzPéP’2)
= —1[69001](691 04, 1eBF PP + 0265105672,
92353’2017 - 92353’2(0{’510’1 + 05513'2)

= — (070029205 |PF 5T + 07052007
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Now SBPabp =0= EB’Plabp < appp'Q = Q(BP)(B'Q'")» in which case
0705 FoPay, =0 ifj#k

and

— oPéP'loBéB'Z

~ 1 ~ 7 ~ !
aPg?! = 070510507 2appp p QBpB'P!

oPapp
= 02B§B/20{3§P11013P31p/ =05 Bgb'2,b Qpp,
as required. 5
Next consider 08087979
0868 26P51 = 0BG 2 (97071 + 0L67'2) (09691 + 696<'?)
= L1gRgp,][07'26%,)(0367 1 BPB'Q 4 D41 BQEP
9808 16P5% = L19R0R,|[07 10%,)(07 9 2eBQE'P' 1 9207 2BP5'Q)
0805 6P = 0P L (9P P! + 6567'?) (0269 + 6369'%)
= 0BGB19PeP" 19942 1 9BGB 1L P 29LH'
+ 0868 19L 4P 299692
—11080R,] (07 10, (eBP B P92 + BB 9PP'2)
— 1[6F082) (67 203 | (P9F ¥ 62557,
0808 2P0 = — L1198 0Ro] (07 20%,)(eBQeB A 9PYL'L 1 eBPB'P'924Q'1)
— L[OR0R1) 671G )(POP Y 95 FE2),
Since appq is symmetric in p and g, it admits an irreducible spinor decomposition:
Obpq = BB'EPQEP'Q’ + ABPQB'P'Q’ + OBPQ(P'E€Q’)B
+eppaQp P +EB(PAQ) (P EQ) B
where each spinor field on the right-hand side is symmetric in its indices. Thus,

0205 26P0%0npg = L[0F0R1](07 202, (—20565 1ass — 0505 Bss),

P05 0P 0laypg = L[OF0R) (07 10} )(—20765 2ass — 30705 %Bss),
0808 16Poypg = — {070k [0716%,)(20505 2ass — 305652 Bss:)
— 1[0R0R,] (07 26%,)(46565 L ass),
9808 2P 090p, = —1[0F0R) (07 26%,)(20705 L ass — 20565 Bssr)
1

— L{6f0R1]6 OR'16%,)(40565 2 ass/).

So 0868 1gP09p, = 2651 if and only if 4, + 98, = 0. But

PQEP’ !

’ ’
€PQ€P Q Oppg = 4ab and ¢ Q Opbqg = Op — %,Bb

so
dos + 9B, = PP Q' [—dappy + 2abpq)-

Hence 020576709,y = 2607 if and only if ePReP'Q [2a4pq — appg) = 0. Higher
order terms are easily seen to impose no extra conditions. O
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Recall that £, = ¢o+0°Gay+- -+ and £ = ¢a+0°Gay+ - - where G (ap) = G(ap)-
Applying Lemma 2 to
84p'XBa —b6paTap = Dapdpa +Gparap — Dpadap +Gappa + -+,
it follows that G4, and éab are skew. Thus they may be written
Gab = PpaBEa'B +qaBEas, Gab=DPapeap+iapea s,
where p, q, p, and ¢ are symmetric in their indices. Hence, Lemma 2 implies
0= Dap¢Ba +PaB€Ba+ qaBeaB — Dpardap +PaBEB A’ + qaB/EAB,
which, by contracting with eé4B and 4’8, is equivalent to
0=—2D{4dpya—2ba +2qas, 0=2D(46p) s +2an —2pas.
Also, by applying Lemma 1 to 6&23)14, = D(‘A%)B' +2pap + -+,

0= Dé‘;QSB)A, + 2pas,
and a similar argument for SfA,f) BYA implies

0= D?A/¢BI)A - 2ﬁA/BI.

These equations have the unique solution

_ _1pA ~ _1pA
PAB = _7D(A¢B)A” pra'B = ;7D(A’¢B’)A’
qa'B = 3parB/, daB = 3paB-

Hence p and q are determined in the expansion of ¥:
Sa = ¢a +0{paBean +qapean}
+0b0{rapccrean + scc€apea s +tanepcepc}
+ ob00{uspecpea BrEc D + vEaBECDEA BIEC D'}
= ¢a +0"{paBEan + qamrEaB)
+ Ubdc{%TABCC'EA'B/ + %TABCB’sA’C’ + %SCC’sABeA'B’
+ 3SBBIEACEAC' +tAAEBCERC}
+0%0°0*{ Juapecpen pecp + Suaceppeacienp
+ %UAD"EBCEA’D’?:B'C’ + %U&‘ABECDéIA'B'EC'D'
+ %UEACEBD€A'C'€B'D'+%UEAD€BC€A'D'€B'C'}~

In the second version the coeflicients have been arranged symmetric in bed . . . which
facilitates differentiation:

5&23),4/ = Dé«;d’B)A' +2paB
+0°{Dcr(apB)c — EC(ADg;QA'C' +3raBcc — €c(asB)cr + 26c(atpycr}
+0°0{iDciarpycpp + 3Dpr(aTB)CDC — 2€0(ADBYC DD

1 A’
— 2¢paDBypscer + D{atgya€cpec D' + 3uapecpecip}
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Plugging this expression into Lemma 1 gives
DcrapB)c — EC(ADg,)QA’C’ +3raBcc — €c(asByc’ +2ecatyer =0,
Dfyspyar + 4Dt gy 4 + 12uap = 0.

The first of these equations decomposes (by contracting with ¢B€) into the two
equations:

—3$DE pac + 3D4 qarcr + 3sacr —3tacr =0 and Deiappe) + 3rapcer = 0.

This fixes r as claimed in §5 and, letting J, = DE pap (= —DE';}A,B,), there
remain the following equations (after a similar argument based on 5(‘14,2 BHA):

—5Ja+ 25, — 3, =0, 5Jo — 35, 4 3ta =0,
Diyspy a4 + 4Dt gy 4 + 12uap =0, D35, 4 +4D{ytp 4 = 1204 =0
and (from earlier gauge fixing) s, + to = 34 + ta. 3
There are not quite enough equations here to fix s, t, s, ¢, u and .
Now consider the remaining differential equation:
§ap'Zpa —SpaTap
= Dap¢par — Dpardap — PaB€AB + JABEA'B' — PABEA'B’ + qA'B'€AB
+0P{Dappapepp + Dap ippeapr — Dpapapep pr — Dpaqp picap
—TA'B'P'PEAB + TA'B'P' AEBP — SPP'EABEA'B’ + SAB'EBPEA’P/
+ 2t BA'€APEB'P' — TABPP'EA'B’ + TABPA'EB'P' — SPP'EABEA'B
+ spacapep'p + 2tAB EBPEAP }
+ 07093 DapFapqQeBp + 5DaBTapQPEBQ
+ 2Dap3qqespeap + 3D Sppepoea gy
+ Daptpacpoepq — sDBATAPQQER P
— $DparapQrep @ — 5DBA'SQQ EAPER P!
— ADparsppieaqep g — $DBatapEpQEp @
— U B EP'QEABEPQ + WA PIEB'Q EBPEAQ
+UAQ EB' PIEBQEAP — VEA'B'EP'Q'EABEPQ
+VEA'PIER/QIEBPEAQ T VEA'Q'EB'P'EBQEAP
— UABEPQEA'B’EP'Q' + UAPEBQEB'PEA'Q
+ UAQEBPEB'Q'EA'P' — VEABEPQEA'B'EP'Q’
+ UEAPEBQEB/p/é:AIQ' + ’UEAQEBPEB/QIEAIPI}.
Utilizing Lemma 2 on the coefficient of 0P gives the following new restrictions:
2DapPap + DEpapenp — Daagpp + 3Fappa+3apean +25apcap
+ 2t ppepip +SapEap +SanEpp +4tapeap =0,
~DE'papepp + Danipp —2Dpapap +3pacap + Sanepp + 4ipacap
+3raBpa + Spacap +25pacap + 2taaepp =0.
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Now fapc = 0if and only if f(4Bc) =0, €4C fapc =0, and eB€ fypc = 0. Hence
these two equations are equivalent to the following system of five:

2D pa'PB'P'y — Daargppry +37arppra =0,

D 4/(aGBp) — 2D 4/(aPBP) + 3raBpar =0,

DB pag+ D5 qarp: + 554 + 20g + 254 + 8t, = 0,

- DE’ﬁA’B’ - DE’&AB +25, + 8t~a + 584 + 2t, =0,

—2DB bap +2DEpaB + 80 + 44 + 5o + 4, = 0.
The first two of these equations reduce to F4:p/crga = %DA(A,ﬁB,CI) and rapcar =
—%D A'(APBc) so this is consistent with the same conclusion from earlier investi-

gation of 6{‘;2 Byas and 5‘&,)5 pya- The remaining three equations, together with
earlier restrictions reduce to

—2Ja 4+ 58, + 2 + 280 + 8o =0, —2J4 + 25 + 8tg + 5Sq + 2t =0,
4Jy 4 g + 4t + Sq + 4ty =0, Sq+ta — 384 —ta =0,
~5Ja + 384 — 3ta =0, 5Ja — 334 + 3ta =0,

and, although overdetermined, these equatlons are consistent and have the unique
solution s, = 8, = 14J and t, = t, = ——J Feedmg these values into the

revious equations for uap and uap gives uap = +DA J oy 4 and upgr =
g s/(a’B)a
—%D(‘A, J Br)A 38 claimed in §5. It remains to study the consequences of Lemma 2
for the coefficient of oPo?, namel
) y
PQ_.P'Q’ 1 ~ 1
0=e"RPU2(iDapFapgqeps+ -} —{3DapTapgepp + -}
I~ I~ ~ ~
= 2{—%D§ fappB—ADY Sppeap +DaaSpp + Dapitpa
P 1P
+ 3DY rappe + 3D% sppreap — Daarspp — Dpartas
+3ua'peaB +6vEABEA' B + 3UuaBEA B}
— {DAB'§BA’ + 4DABItBA/ — DBAISAB/ — 4DBA’tAB’
—6lapeap — 12veaBea B —6uaBEA B }-

Substituting in this equation for s, 3, t, t, u, and @ yields

P P ' 4P
3(DY farpp B — DYirappp) = §D% Jppeap — §DyJppcaB
+ %(DABIJBAI — DparJap’) + 24vespeapr.

The left-hand side of this equation, however, may be rewritten

3D} #app e — DRrappe) = D§ Dpabpp)+ D5 Dp (apsp)
= YD Dpappp + DX Dpppap + D Dpppars
+ D%, Dp apsp + D5, Dp'gpap + D4 Dpppas)
= Y(—DpaJap — Dpp'Jan — 36480parp
+ Dap'Jpa + DppJaa — 3eap:Upas)
= 1(Dap'Jpar — DparJap) — §(eaB0parp +capUpap).
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In particular, this expression is skew symmetric in @ and b. Thus, v = 0 and by
contracting both sides with eé4B and ¢4'B’ it remains to verify

2 A 15 8 NA 4 nA
— 2DAJap — ATpas = —ED4Jap — D4 Jap:,
2 A’ 1 8 DA’ 4 DA’
EDA JBar — §DpAB = §DA JBar + §DA JBar.

But D4, Jap = D4, (~DG pprc’) = 10parp: and similarly, D4 Jpar = —30pas,
so these equations do indeed hold.

Case N > 3. Now that the delicate balance of the case N = 2 is upset, it is
easy to see that, in particular, J is forced to vanish. The more difficult thing to
establish is that J = 0 is sufficient to guarantee a solution of the equations as given
in the theorem of §5. In the non-Abelian case this is a very tedious verification, but
in the Abelian case there is a short cut. A Maxwell field may be split into self-dual
and anti-self-dual parts given by potentials ¢} and ¢, satisfying Dé;q&g) =0
and D(‘A,qﬁg,) 4 = 0. It is therefore clear that

O =S (z+0)+¢; (x—0), ¥ =20%7¢%,(z+0), Va;=201¢,,(z—0)

solve Witten’s equations. By expanding these func'gions as power series in o, it
is elementary to change gauge so that 0¥/ + 647 4/; = 0. This results in the
formulae of §5.
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